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Abstract 

Q-i In this paper we introduce two types of norms for semimartingales, under both 

linear and nonlinear expectations. The first norm is motivated by quasimartingales, 

r^ and characterizes square integrable semimartingales. The second norm characterizes the 

absolute continuity of the finite variation part of the semimartingale with respect to the 
Lebesgue measure. One typical example of nonlinear expectation is the G-expectation 
introduced by Peng [T7]. By applying our estimates, we prove a Doob-Meyer type 
decomposition for G-submartingales, and obtain the component T in the G-martingale 
representation theorem, which improves the result of Soner-Touzi-Zhang |23j . 
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1 Introduction 

5-H 



In recent years, the notions of G-expectation and Second Order Backward SDEs (2BSDEs, 
for short), proposed by Peng HE1 Q21 HB1 H3 123 and Soner-Touzi-Zhang [231 (Ml US [26] , 
respectively, have received strong attention in the literature, see, e.g. [2], [3], [9], [TO] . 
[2], [23], [21], [27], [2S], [22] > to mention a few. These two closely related notions have 
applications in many fields, notably providing a convenient tool for financial models with 
volatility uncertainty, see e.g. [TJ, [5], [7J, [15]. In Markovian case, a 2BSDE provides a 
Feynman-Kac type representation for second order fully nonlinear PDEs, and thus opens 
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the door to Monte Carlo methods for fully nonlinear PDEs. We refer to [3] for an earlier 
formulation of 2BSDEs and [8] for the corresponding Monte Carlo methods. 

Roughly speaking, a G-expectation is a nonlinear expectation taking the following form: 
E*^ := supp g p E p , where V is a family of mutually singular probability measures P and in 
general the family V does not have a dominating probability measure. For a random 
variable £, the conditional G-expectation Ep[£] is a G-martingale. Soner-Touzi-Zhang |23| 
established the following G-martingale representation theorem: denoting Yj := Ep [£], 



Y t = Y + [ Z s dB s - K t , P-a.s. for all FeV, (1.1) 

Jo 

where B is the canonical process which is a martingale under all P £ V, and K is a 
nondcreasing process with Kq = 0. In particular, a G-martingale is a supermartingale 
under each P 6 V. 

It is clear that a G-supermartingale is also a supermartingale under each P € V . One 
natural and fundamental question is: 

What is the structure of a G-submartingale? 

Our first goal of this paper is to answer the above question. Given a G-submartingale Y, 
one may expect that Y = M + L, where M is a G-martingale and L is a nondecreasing 
process. Then by (jl.ip one expects that 

Y t = Y + / Z s dB s + A t , P-a.s. for all P G V, (1.2) 

where ^4 := L — K is a a semimartingale under each P € 'P. 

While the above analysis is intuitively clear, its rigorous proof is by no means easy, 
because it involves a priori estimates for total variations of A under each P E V . We thus 
first turn our attention to norm estimates for semimartingales under a fixed probability 
measure P. In the standard literature, the norm of a semimartingale is defined through its 
decomposition, see e.g. [22] . However, for our purpose it is important to have a norm defined 
through the semimartingale itself, without involving its decomposition. We shall introduce 
a norm || • ||n», see (|2.1ip below, such that a process Y is a square integrable semimartingale 
under P if and only if ||Y||p < oo. We remark that the norm || • ||p is motivated from the 
definition of quasimartingales, and these estimates are interesting in their own rights. 

Now in the G-framework, define || • ||p := supp e -p || • ||p, we show that a process Y is a 
square integrable G-semimartingale if and only if ||Y||-p < oo, and we obtain the desired 
estimates. As a special case, we prove the Doob-Meyer type decomposition (|1.2p for G- 
submartingales. However, it still remains open whether or not we can write A = L — K 
such that M t := f Z s dB s — K t is indeed a G-martingale. 



As a by product of our estimates, we also obtain some a priori estimates for Doubly 
Reflected BSDEs without assuming the standard Mokobodski's condition directly, see our 
accompanying paper [21]. 

The second main object of this paper is to obtain the component T in the following 
G-martingale representation, an improved version of (11, lft : 

Y t = Y + [ Z s dB s - I [2G(T t )dt - T t d(B) t ], P-a.s. for all P € V. (1.3) 
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Here G is a function used by Peng [IT] to define G-expectation, and (•} is the quadratic 
variation. This is an open problem proposed by Peng, and remained open in |23j as well 
as in [26j for solutions to 2BSDEs. In the Markovian case, the component V corresponds 
to the second order derivative of the solution to the associated PDE. In fact, V is part of 
the solution to the earlier formulation of 2BSDEs in [3j, and plays a very important role in 
numerical methods for fully nonlinear PDEs in [8]. 

Clearly, the problem is more or less equivalent to when the increasing process K in (jl.ip 
is absolutely continuous with respect to the Lebesgue measure dt. Again, we first study 
the problem under a fixed probability measure P. For any 1 < p < oo, we shall define a 
new norm || • ||p )P , see (|4.2j) below. For any semimartingale Y under P, if ||^||p, p < oo, then 
the finite variation part of Y can be written as dAt = atdt and E [L \at\ p dt] < oo. We 
then define || • \\-p tP := sup PG -p || • ||p iP . For any G-semimartingale Y, if ||y||-p iP < oo, then 
similarly we have dAt = atdt such that E G [L \at\ p dt] < oo. Finally, for a random variable 
£, if ||£|[-p, P := ||E G [£]||-p jP < oo, we obtain the following decomposition in backward form: 

E f G [£]=£"/ Z a dB s + [ [G(T s )ds-T s d(B} s ]. (1.4) 
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However, the above analysis does not yield the uniqueness of T, not to mention the norm 
estimates for T. We thus introduce a much stronger metric for £, which will lead to the 
existence, uniqueness, as well as a priori norm estimates of T. We shall point out though, 
this metric is very strong and is in general not convenient to use. We hope to explore further 
properties of T in our future research. 

The rest of the paper will be organized as follows. In next section we introduce the first 
new norm for semimartingales under a fixed probability measure and obtain the estimates. 
In Section 3 we introduce a variant of the G-framework proposed by Peng [17] and obtain the 
Doob-Meyer type decomposition for G-semimartingales and G-submartingales. In Section 
4 we introduce the second new norm, under both linear and nonlinear expectations, and 
then in Section 5 we prove the new G-martingale representation theorem with the existence 
of the component T. Finally in Appendix we provide some additional results. 



2 A Priori Estimates for Semimartingales 

Let (f2, J 7 , F, P) be a filtered probability space on a fixed finite time horizon [0, T] such that 
F is right continuous. We note that the filtration F is not necessarily complete under P. The 
removal of the completeness requirement will be important in next sections. However, the 
following simple lemma, see e.g. [23], shows that we may assume all the processes involved 
in this section are F-progressively measurable. 

Lemma 2.1 Let¥ ¥ denote the augmented filtration of¥ underF. For any F F -progressively 
measurable process X, there exists a unique (dt x dP-a.s.) process X such that X = X, 
dt x dF-a.s. Moreover, if X is cadlag, F-a.s., then so is X. 

We recall that an F-progressively measurable cadlag semimartingale Y has the following 
decomposition: 

Y t = Y + M t + A t , (2.1) 

where M is a martingale, A has finite variation, and Mq = Aq = 0. Now given an F- 
progressively measurable and cadlag process Y, We are interested in the following questions: 

(i) Is Y a semimartingale? 

(ii) Do we have appropriate norm estimates for Y, M, and A? 

(iii) When is dAt absolutely continuous with respect to the Lebesgue measure dt? 

The first question was answered by Bichteler-Dellacherie, see e.g. [22J and Appendix of 
this paper for some further discussion. The main goal of this section is to answer the second 
question, and the third question will be answered in Section [J] below. As explained in In- 
troduction, the latter questions are natural and important for our study of semimartingales 
under nonlinear expectations. 

In this section we will always assume: 

The augmented filtration F is a Brownian filtration. (2-2) 

Consequently, 

any F-martingale M is continuous, P-a.s. (2-3) 

2.1 Some preliminary results 

We first note that, when Y is a supermartingale or submartingale, it is well known that 
Y is a semimartingale and the following norm estimates hold. Since the arguments will be 
important for our general case, we provide the proof for completeness. 



Lemma 2.2 Let (J2.2J) hold. There exist universal constants < c < C such that, for any 
Y in the form of (|2.ip with monotone A, it holds 



c||y||| i0 <e- 

where, for any cadlag process Y , 



|Y | 2 + (M) T + |,4 T | 



-i ° II 1 llp.o- 



\Y\ 



\o •- 



W 



sup \Y t \ 

0<t<T 



(2.4) 



(2.5) 



Proof. The first inequality is obvious. We shall only prove the second inequality. By 
otherwise using the standard stopping techniques, we may assume without loss of generality 
that 



E t; 



sup \Y t \ 2 + {M) T + \A T Y 

<-0<t<T 



< oo. 



Apply Ito's formula, we have 



Y$ = Y 2 + {M) T + 2 [ Y t dM t + 2 f Y t _dA t + V |Ay| 2 . 
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0<t<T 



Note that 



E 1 ' 



\Y t \ 2 d(M)i 



< E k 



sup \Y t \((M) T ) 

0<t<T 



Then 



E^ 



< -E f 
~ 2 



Y t dM t 



sup \Y t \ 2 + (M) T 

0<t<T 



< oo. 



Thus, for any s > 0, by (|2.6p and the monotonicity of A we have 



0<t<T 

\Y T \ 2 + \Y \ 2 + 2 sup \Y t \\A T \ 

0<t<T 



E f 



Y 2 -Y 2 -2 I Y t _dA t 



<Ce- 1 ||y||^ + eE p [|A T | 2 ]. (2.7) 



E P [(M) T ] < E p (M) T + Yl \ AYt 

< E 

Moreover, note that 

A T = Y t -Y - M t . 
Clearly we have 

E p [!^r| 2 ]<C||y||^ + CE p [(Af)T]<Ce- 1 ||y||| + CeE p [|^ T | 2 ]. 



(2.6) 



Set £ '■= 2c f° r the above C, we obtain 

^Ut\ 2 ] < C\\Y\\l . 
This, together with (12. 7j) . proves the second inequality. 

The next lemma is a discrete version of Lemma 



Lemma 2.3 Let = tq < ■ ■ ■ < r n = T be a sequence of stopping times. In the setting of 
LemmalKM if A n € ^Vj_ij then 



c¥} 



max \Y T . I 

0<i<n 



<E^ 



|y | 2 + (M) T + |^ T | 



< cw 



max 11^-. 

0<i<n 



(2. 



Proof. Again we prove only the second inequality. Similar to the proof of Lemma 12.21 by 
otherwise using the standard stopping techniques, we may assume without loss of generality 
that 



W 



max \Y n \ 2 + (M) T + \A T \ 

0<i<n 



< OO. 



Note that 



Y T - M , = Y T + A TM , - A T . + M r .,, - M T -. 



Then 



Y* +1 -Y T ] = 2Y Ti [A T]+1 -A T] ] + [A T]+1 -A T] f 

+ 2[Y n + A T]+1 - A Tj ][M Tj+1 -M Tj ] + [M T . +1 - M Tj ] 2 . 

Notice that Y Ti + A T . +1 — A T . £ T Ti . One can easily obtain 



E L 



■y^2 ta2 

n+i n 



E* 



2Y Ti [A T . +1 - A Tj ] + [A Tj+1 - A Tj ] 2 + [M Tj+1 - M Tj }< 



<E- 



Then, since A is monotone, 

n 

E P [(M) T ] = E P [M 2 ]=^E F [[M T , +1 -M T . 

n 

< Ye f \y? -Y 2 -2Y t .[A t+1 -A t . 
i=0 

< E p ICe- 1 max |Y T . I 2 + e|A r | 2 l , 

L 0<«<n J 

for any e > 0. Moreover, since ^4t = Yt — Yq — Mt, we have 

< E 



Y 2 + 2 sup \Y Ti \\A T \ 

0<i<n 



(2.9) 



E r [|4rr] < CW max \Y n \ 2 + \M T \' 



Ce l max \Y T .\ 2 + Ce\A T \ 

0<i<n 



Choose e = J^ for the above C, we have 



E P [|A T | 2 ] < CE 1 
This, together with (12. 9ft . implies the second inequality. 



max \Y T . 

0<i<n 



2.2 Square integrable semimartingales 

In this subsection we characterize the norm for square integrable semimartingales. For 
< t\ < ti < T, let \J A denote the total variation of A over the interval (t±, tj[. 



Definition 2.4 We say a semimartingale Y in the form of (|2.ip is a square integrable 
semimartingale if 

T 



E F 



Vol 2 + 



<M) T +(\/ 



.4 



< oo. 



(2.10) 



We remark that (|2.1Up is the norm used in standard literature for semimartingales, see e.g. 
|22j . Clearly, for a square integrable semimartingale Y, we have ||y||p,o < oo. However, 
when A is not monotone, in general the left side of (|2.10p cannot be dominated by C\\Y ||jji . 
See Example 16.11 below. 

Our goal is to characterize square integrable semimartingales via the process Y itself, 
without involving M and A directly. In many situations, we may have a representation 
formula for the process Y, but in general it is difficult to obtain representation formulas for 
M and A. So it is much easier to verify conditions imposed on Y than those on M and A. 
We introduce the following norm: 

n-l 



\Y\\l:=\\Y\\l + S n P E^[(Y,K(y^)-Y Ti 



(2.11) 



i=0 



where the supremum is over all partitions it : = To < • • • < r n = T for some stopping 
times r ,- • • ,r n . 

Remark 2.5 The norm || • ||p is motivated from the definition of quasimartingale, see e.g. 
|12j : A cadlag process Y is a called a quasimartingale if 

n-l 

1 < co. (2.12) 



su P E^\El(Y n+1 )-Y n \ 

IT L . 

1=0 



Remark 2.6 The main reason that we assume F is the Brownian filtration in (12. 2p is to 
ensure the martingale part M is continuous, see (|2.3p . When F is a general right continuous 
filtration, our results still hold true if M is continuous. If M is discontinuous, we shall 
modify the norm || ■ || as: 

n-l 



|y|||:=||y||| i0 + supE p [(^K(y Ti+l) -y Ti 



+ E 1 



i=0 



sup y - Y t . 

0<t<T 



(2.13) 



The following a priori estimate is the main technical result of the paper. 



Theorem 2.7 There exist universal constants < c < C such that, for any square inte- 
grable semimartingale Y t = Yq + M t + A t , 

T 



c\\Y\\i <w 



\Y \ 2 + (M) T + (\J A 



v *- O J. p. 



(2.14) 



Proof. We first prove the left inequality. Let it : = tq < ■ ■ ■ < r n = T be an arbitrary 
partition, and denote AA n+1 := A Ti+1 — A Ti . Then 

71-1 



n-l 



< 



< 



i=0 



K 



'[{j2[E ¥ n (\AA n+1 \)-\AA n+1 \] + J2\^ Tt+1 

i=0 i=0 



k p [(EK(^)-^ 

i=0 

E P [(]T> P (|A^ +1 

n-l 

i=0 
Note that 

3 

^[E p (|A^ r . +1 |)-|A^ Ti+1 |],i = 0,--- ,n-l, is a martingale. 



+ CE^ 



o 



(2.15) 



Then 



i=o 



n-l 



n-l 



E 1 



'[£[<(! 



AA, 



i=0 



n-l 



E p [(^[E p (|AA Ti+1 |)-|AA Ti+1 | 

i=0 

n-l 

< CE p [^[(E p (|A^ +1 |)) 2 + |AA Ti+1 | 2 ] 

i=0 

n-l n-l T 

< CE p [j>A Ti+1 | 2 ] <CE p [(^|A^ +1 |) 2 ] <CE^[(\JA 



\^A n+1 \f 



<CEv[j2[KMA n+1 f) + \AA n+1 \ 



i=0 



4=0 



j=0 



This, together with f|2.15j) and the left inequality of (|2.4p . proves the left inequality of (|2.14p . 
We now prove the right inequality. First, for any e > 0, following the arguments in 
Lemma 12.21 one can easily show that 



We claim that 



E p [<M)T]<Cf e - 1 [|y||| i0 + eE p [(V^) : 

o 



E P [(\M) 2 ] <C||y|| 2 +CE p [(M) T ]. 



(2.16) 



(2.17) 



This, together with (J2.16P and by choosing e small enough, implies the right inequality of 
(I2,14p immediately. 

We prove (|2.17p in several steps. 

Stepl. Let 7r : = ro < ri < ... < r n = T be an arbitrary partition. Note that 

El[Y Ti+1 ]-Y Ti =El[A Ti+1 ]-A Ti . 

Then 

n— 1 n— 1 



Y,[A n+1 -E Ti [A Ti+1 ]] = A T -Y,(K[A n+1 ]-A Ti ) 

i=0 i=0 

n-l 

= Y T -Y -M T -J2{K{ Y n + i}- Y Ti)- 



i=0 

By the definition of ||^||p, we see that 

E J 



'[(EK-^M) ] <C\\Yf F + CE p [(M) T 



i=0 



Note that 



i-i 

^ [-4r l+ i - E Ti [Ar i+1 ]] , j = 1, • • • , n, is a martingale. 

i=0 



Then 



n-l 

EP [E t^ +1 -EnM 8 ] ^ C||y||| + CE p [(Af) r ]. (2.18) 

i=0 

Step 2. In this step we assume At = J Q a s dK s , where if is a continuous nondecreasing 
process and a is a simple process. That is, 

n-l 

a = ^2 a u l [UM+l) for some = t < ■ ■ ■ < t n = T. 
i=0 

Then, denoting a.{ :=sign(atj, 

„T n-l rti+l n-l 

'0 



r± •' + rii+i " " 

V(A) = J \a t \dK t = J2 ^iatdKt = ^ ai [A u+1 - A t .] 

J° i=0 ^ i=0 

n—1 n—1 

= ^i(A ti+1 -El[A ti+1 ])+J2 ai (El[A ti+1 ]-A ti ). 



i=0 i=0 

Note that 

3 



^2 OLi (A u+1 - Ef. [A ti+1 ]) , j = 0, • ■ • , n - 1, is a martingale. 



i=0 



Then 



n-l 



n-1 



E b 



'(V(A)) 2 } < C^[j^\A ti+1 -Ei[A ti+ £ + fe\El[A u+1 ]-A ti \ 

i=0 i=0 

By (pTT8j) and the definition of ||Y|| P we obtain (J27TTJ) . 

t 

Step 3. We now prove (|2.17p for general continuous A . Denote K% := \J A. Since A 

o 
is continuous, K is also continuous. Moreover dAt is absolutely continuous with respect to 

dKt and thus dAt = atdKt for some a. By |llj Chapter 3 Lemma 2.7, for every e > there 

exists a simple process {a £ } such that 



E 1 ' 



| of - otldfQ 



<£. 



Denote 



A 4 






a e a dK„ Y £ :=Y + M t + A £ . 



Then by Step 2 we see that 



F [{\jA £ ) 2 ] <C\\Y £ \\ 2 F + CE V [(M) T }. 



Note that 



T T T 



\J A <\J A e + \J [A e_ A] <\J A e + f \ a £ - Ot\dK t 

^° 



-T 





Then 



E p [(\/,4) 2 ] <CE P [(V^ 6 ) 2 
o o 



+ Ce. 



(2.19) 



(2.20) 



(2.21) 



On the other hand, apply the left inequality of (|2.14|) on Y £ — Y = A 6 — A, we get 



\Y £ -Y\\l<CE ¥ [(\J{A £ -A) 



<CW 



| of -a t \dK t 



<Ce. 



Then 



Plug this and (|X2"T|) into (f!T20"1) . we get 



E b 



(V^ 4 ) 2 ! <C||y||| + CE p [(M) T ] + Ce. 



10 



Since e is arbitrary, we obtain (|2.17p . 

Step 4- We now prove (|2.17[) for the general case. Since A is of bounded variation, 
we can decompose A = A c + A d , where A c is the continuous part and A d is the part with 
pure jumps. Since Y is cadlag and M is continuous, A and A d are cadlag. We denote 
Y t c = Yq + M t + A\. From step 3 we have 

T 



E f 



|y | 2 + (M) T +(\/^ 



< C\\Y- 



cl|2 



Note that 

ll\^ c ll *^ IIV r II l ll/t^ll 

II J ||P S || J ||p + H-A ||p 
and apply the left inequality of (|2.14p on A d we see that 

2i 



\\A d \\l < CE 
Then 

T 

E P [|Y | 2 + {M) T + (V A 
and thus it suffices to show that 

E p [(\/ 



o 



(\fA d 

o 



< cyyiid + CE 1 



'[(V 



A c 



A c 



o 



<ci|y| 



To this end, we first note that 

T 



V^= £ |A^I= £ |AF 4 |- 



o 



0<4<T 



0<t<T 



Define, for each n, 



(2.22) 



(2.23) 



D„ :- £ |Alf|l { | Ayt |>i } , 
0<£<T 

and, Tq := 0, and for m > 0, by denoting Yt :=Yt for t >T, 

r™ +1 := inf {t > r™ : |AF t | > 1} A (T + 1). 

We remark that we use T + l instead of T here so that AYp will not be counted repeatedly 
at below. Then it is clear that 

m 
D„| \ I AV* | as n — > oo, and > |AY^n|7.D n as m — >■ oo. 



0<«T 



8=1 
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Therefore, to obtain (|2.22p it suffices to show that 



»=i 



< ||y|L for all n, 77i. 



(2.24) 



We now fix n, m. Notice that the F is quasi-left continuous. Then for each r™, there 
exist {t"-,j > 1} such that r™- < r™ and r 4 n - t t" as j — )• oo. By definition of ||y||p, we 
have 



W 



m 



< \\Y\ 



(2.25) 



i=i 



Send j — )• oo, since F is continuous, we see that 



hm [E^ Vr „. [Y Tr ] - y T » r ] = y r „ - y T „_ = Ay rf . 

Then by applying the Dominated Convergence Theorem we obtain (|2.24p from (|2.25p . ■ 

Theorem 2.8 Let Y be an ¥ -progressively measurable cadlag process. Then Y is a square 
integrable semimartingale if and only if \\Y\\f < oo. 

Proof. By Theorem 12.71 it suffices to prove the if part. Assume ||y||p < oo. For each n, 
let if := £T, i = 0, • • • ,n. Denote, for i = 0, • • • , n, 



M% := "£(Y t7 -EV[Y t7 })., 



3=1 



*t ■= E^-x^i-^-J" 



3=1 
i 



^T ■= Eft:^]-^)" 



i=i 



Then M n is a martingale, K + ' n , K ,n are nondecreasing, and 



y 4 „ = y + Af& + j4& , where A% := Kp n - K~ 



Moreover, 



E L 



"\2 



(K^f + (K-' n ) 



< ||y||p < oo. 



Then following the arguments for the standard Doob-Meyer decomposition, see e.g. |llj . 
one can easily prove the result. ■ 



12 



3 Semimartingales under G-expectation 

In this section we introduce a nonlinear expectation, which is a variant of the G-expectation 
proposed by Peng [IT]. Let (Q, F, F) be a filtered space such that F is right continuous, V 
a family of probability measures. For each PgP and F-stopping time r, denote 

V(t,F) := {P' £V :P' = P on F T }. (3.1) 

We shall assume 

Assumption 3.1 (i) M-p C J-q, where Mp is the set of all V-polar sets, that is, all E E T 
such that F(E) = for allF eV. 

(ii) For any PsP, F-stopping time r, Pi,P2 € V(t,¥), and any partition E\,E 2 € T T 
of Vt , the probability measure F defined below also belongs to V(t,F): 

F(E):=F l (EnE 1 ) + F 2 (EnE 2 ), V^GJ. (3.2) 

3.1 Definitions 

We first define 

Definition 3.2 We say an F -progressively measurable process Y is a V '-martingale (resp. 
V-supermartingale, V-submartingale, V-semimartingale) if it is a F-martingale (resp. F- 
supermartingale, F-submartingale, F-semimartingale) for all F € V . 

We next define the conditional G-expectation. For any J-'-measurable random variable 
£ such that E p [|£|] < °° f° r au F € V, and any F-stopping time r, denote 

E^ p [£] : = ess P sup if [£], P - a.s. (3.3) 

P'e-p(r,P) 

We note that, by Lemma 12. 11 E T ' [£] is Jv-measurable. When the family {E T ' [£],P € V} 
can be aggregated, that is, there exists an J>-measurable random variable, denoted as 
!$?[£], such that 

Ef [£] = E^' P [£], P - a.s. for all P € T 7 , (3.4) 

we call E!j?[£] the conditional G-expectation of £. Following standard arguments, we have 
the following Dynamic Programming Principle, whose proof is provided in the Appendix 
for completeness: 

Lemma 3.3 Under Assumption \3. 11 for any t\ < t 2 and any P 6 V, we have 

E£ p fc]= ess'supE^E^]], F - a.s. 

P'G-P(ri,P) 
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Definition 3.4 We say an ¥ -progressively measurable process Y is a G-martingale (resp. 
G-supermartingale, G-submartingale) if, for any ¥ £ V and any ¥ -stopping times T\ < t<i, 



Y T1 = (resp. >, <)E£' P [F T2 ], P - a.s. 

We remark that a "P-martingale is also called a symmetric G-martingale in the literature, 
see e.g. [29]. 

3.2 Characterization of 'P-semimartingales 

The following result is immediate: 

Proposition 3.5 Let Assumption \3. 1\ hold. 

(i) A V '-martingale (resp. V-supermartingale, V-submartingale) must be a G-martingale 
(resp. G-supermartingale, G-submartingale). 

(ii) If Y is a G-martingale (resp. G-supermartingale, G-submartingale) and M is a 
V -martingale, then Y + M is a G-martingale (resp. G-supermartingale, G-submartingale). 

(Hi) A G-supermartingale is a V -supermartinagle. In particular, a G-martingale is a 
V -supermartinagle. 

Proof. (i) and (ii) are obvious. To prove (hi), let Y be a G-supermartingale. Then for 
any t\ < T2 and any P € V, 

Y T1 >E^[Y T2 ]>E ¥ T1 [Y T2 ], P-a.s. 

That is, Y is a P-supermartingale for all P € V, and thus is a 'P-supermartingale. ■ 

We next study "P-semimartingales. In light of Theorem 12.81 we define a new norm: 

\\Y\\-p := sup ||y[|p. (3-5) 

The following result is a direct consequence of Theorems 12.71 and 12.81 

Theorem 3.6 Assume Assumption \3.1\ holds and (|2.2j) holds for all ¥ € V . If \\Y\\-p < oo, 
then Y is a V -semimartingale. Moreover, for any ¥ & V and for the decomposition 

Y t = Y + Mf + A^, P-a.s. (3.6) 

we have 



E 1 ' 



(M p ) T + (\jA^ 2 ]<C\\Yf v . 
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The norm || • \\-p is denned through each ¥ £ V. The following definition relies on the 
G-expectation directly: 

n-l 



\Y\ 



E 



G 



sup \Y t \ 

0<t<T 



+ 



supsu P En(^|E^(y Ti+1 )-y. 



7T Pg-p 



(3.7) 



i=0 



Remark 3.7 (i) If the involved conditional G-expectations exist, then we may simplify the 
definition of ||y||G : 



n-1 



\Y\\g :=E G 



sup | It | 

0<t<T 



+ 



su P E G [(^|E G (y Ti+1 )-y Ti 

1=0 



(ii) In general || • \\g does not satisfy the triangle inequality and thus is not a norm, 
(iii) For G-submartingales Y 1 ,Y 2 , the triangle inequality holds: 

ii-r + y \\g < \\ Y \\g + \\y \\g- 

However, in general Y 1 + Y 2 may not be a G-submartingale anymore. ■ 

Nevertheless, ||^||g involves the process Y only, and we have the following estimate. 

Theorem 3.8 Assume Assumption \3. 1\ holds and (|2.2p holds for all P G V. Then there 
exists a universal constant C such that \\Y\\-p < C||y||G- 

Proof. Without loss of generality, we assume ||^||g < oo. For any F G V and any 
partition ir : = To < • • • < r n = T, denote 

N Ti :=i:{E?f(Y Tj+1 )-Y Tj 



3=0 



Then 



i-l 



n-N n = ror^[y T]+1 -Ef(F, +1 ; 

3=0 

= n + E [Y ri+1 - e^ow] - E K ,p (^- +1 ) - ^(^ +1 ; 



i-1 



0=0 



3=0 



Note that 



i-1 



Y^ [y Tj+1 - K 3 ( Y r, +1 )] is a P-martingale, 



j=0 

i-1 



y E T .' (1^ +1 ) — E r .(y Tj+1 ) is nondecreasing and is Jv^ -measurable. 



i=o 
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Applying Lemma 12.31 we obtain 



n ~ 1 2i 



<cw 



e p [(EK p (v)-^(^ +1 

3=0 
This, together with the definition of || • ||c implies that 

n-1 



su P [|y r j 2 + |iv r j 2 ] 

0<i<n 



S Ml r \\G- 



j=o 



<C\\Y\\ 2 G . 



Since tv is arbitrary, we get ||Yj|p < C||y||(3. Finally, since P € V is arbitrary, we prove the 
result. ■ 

3.3 Doob-Meyer Decomposition for G-submartingales 

As a special case of Theorem l3.61 we have the following decomposition for G submartingales. 

Proposition 3.9 Assume Assumption \3. 1\ holds and (|2.2p holds for all ¥ € V. If Y is a 
G-submartingale satisfying \\Y\\-p < oo ; then all the results in Theorem \3. 61 hold. 

Remark 3.10 Unlike Lemma [2.2} for G-submartingales in general we do not have ||y||-p < 
Csupp e .p ||y||p,o- See Example 16.21 below. ■ 

Now let y be as in Proposition 13.91 and consider its decomposition (|3.6p . Let A ¥ = 
L p — K^ be the orthogonal decomposition. We have the following conjecture: 

Conjecture: The family {K P ,~P G V} satisfies the following property: 

-Kf =ess P supEf[-i^'j. (3.8) 

In particular, if the families {M , K , L , P £ V} can be aggregated into {M,K,L} 
(e.g. ifV is separable, in the sense of \2$), then —K is a G-martingale, and we have the 
following desired Doob-Meyer decomposition for G-submartingales: 

Y t = Y + [M t -K t ] + L t , 
where M — K is a G-martingale and L is nondecreasing. 
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4 Absolute continuity of the finite variational processes 

Let (ft, F, T, V) be as in Section [3l where F is right continuous and Assumption 13.11 holds. 
But we do not require (|2.2p in this section. Let Y be a "P-semimartingale. In this section 
we investigate when its finite variation part is absolutely continuous with respect to the 
Lebesgue measure dt. 

For this purpose, we let L* denote the space of F-progressively measurable processes rj 
such that rj is bounded and piecewise constant. For an F-progressively measurable cadlag 
process Y, define the Daniel integral as a linear operator on L*: 

n— 1 n— 1 

I Y ( V ) := X>,aW - Y n ), for all r, := £> n l [n ,r i+1 ) G L* (4.1) 

i=0 i=0 

4.1 The absolute continuity of P-semimartingales 

We first fix P G V . For 1 < p < oo, let Lp denote the space of F-progressively measurable 
processes rj such that Hr/Hj'p := E J Q \r]t\ p dt < oo. Now for an F-progressively measurable 
cadlag process Y which is uniformly integrable under P, define 

r i|,, p := su p{S^Ml:0^,EL-}, (4.2) 

L \\v Wii J 

II 'I llUp 

where 1 < q < oo is the conjugate of p. 



Theorem 4.1 // ||y||p lP < oo ; then dY t = dM t + atdt where M is a martingale and a G Lp 
with \\a\Up < \\Y\\w> n . 

ii li lL.p — ii 1 1 R >y 

Proof. Note that 



|E P [Mr/)]| < PIMML* for all r, G L*. 
Since L* is dense in L p under norm || • || L «, we can extend Iy to L p such that 

|E P [/y(7?)]| < ||y|| P , P |M| L? for all r, G L p . 
By the Riesz's representation theorem, there is a G Lp such that 

E p [ Jy (77)] =F P ( / 77*0*^ for all i)£Lj, and ||o||u» < ||Y 
Define 



ii^ II* IIFj»- 
o ' 



M t := y t - y - / a s ds. 
jo 
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We see that, for any stopping times t\ < T2 and any r\ ri € F T1 , by denoting r/ := r] n l[ riiT2 ) € 
L*, 



E LP 



r] ri [M T2 -M T 



E 1 



Vt\ [1 T2 j Tl J 



r] t a t dt 



E* 



Iy(v) ~ I Vtckdt 





0. 



This implies that M is a martingale. 



Corollary 4.2 Assume (I2.2p holds. There exists a constant C such that, for any F- 
progressively measurable uniformly integrable process Y , 



\Y\\v <C 



|^||p,0 + ||^||p,2 



Proof. Without loss of generality we assume ||y||po + ||^||p,2 < °°- By Theorem 14.11 we 
have dYt = dMt + atdt where M is a martingale and a £ Lp. Denote Aj := L a s ds. Then 



E 1 



'[(V4 : 



E* 



r 



|ot|dt)' 



< TE* 



r 



lad (it 



L ^o 



run 



,2- 



Note that 



dY t 2 = 2Y t dM t + 2Y t a t dt + d(iW>. 



Then 



E 1 



{M) T 



= E- 
< CE- 
Combining (|4.3p and (|4.4p we obtain 



\Y T \ 2 -\Y \ 2 -2 Ytatdt 
Jo 

T 



sup \Y t \ + \at\ dt 

0<t<T JO ■ 



<C 



VII 2 _i_ llvl 
I* llp,o t \\J- I 



(4.3) 



(4.4) 



E b 



\Y \ 2 + (M) T + {\jAy\ <C 



ivll 2 J- llvll 2 

I 1 l|P,0 "I" ll J IIP,2 



Then by applying Theorem 12.71 we prove the result. ■ 

4.2 Absolute continuity of 'P-semimartingales 

We now let Y be an F-progressively measurable cadlag process such that Y is uniformly 
integrable under P for all P £ V . For 1 < p < 00, define 



||y||p, p := sup ||y[|p, p . 
The following result is a direct consequence of Theorem 14.11 



(4.5) 



18 



Proposition 4.3 Assume Assumption \3. 1\ holds. If ||y||^>- < oo for some 1 < p < oo, then 
Y is aV-semimartingale with decomposition dYt = dMf+a^dt, where M p is aF '-martingale 
and 



supE* 



\a w t \ p dt 



< oo. 



Moreover, if V is separable in the sense of [£$ , then dY t = dM t + a t dt, where M is a 



V -martingale and E 



G 



Jo Wt\ p dt 



< oo. 



5 G- martingale representation with component T 

We now consider the framework in [23j. Let f] := {w € C([0, T]) : ojq = 0}, B the 
canonical process, and < a < a be two constants. Let V be the set of all probability 
measures P such that B is a P-martingale, and there exists a constant < £p < a 2 such 
that [ep V a 2 ]dt < d(B) t < a 2 dt. By [23], there exists a process a such that 



d(B) t = a t dt, P-a.s. for all P G V. 

We use the filtration F = {Ft}'- 

Ft := F t+ V A/p where A/73 is as in Assumption 13.11 (i). 

Then one can easily see that Assumption 13.11 holds. 
Peng [17J introduced the following function: 



(5.1) 



(5.2) 



Gin) ■= 9 sup_ci 2 7 = - 

■" <T<.CF<<T « 



aY 



a 2 7 



(5.3) 



It is known that, see e.g. |23| . for ^ = g{Bx) where g is a Lipschitz continuous function, we 
have Ej [£] = u(t,Bt) where u is the unique viscosity solution to the following PDE: 



u t + G(u xx ) = 0, u(T, x) = g(x) 

Let Ci p denote the space of all random variables ip(Bt x , • 
continuous function. For £ G £j p , define 



||e|| 2 G :=E G sup (Ef[|e|]) : 

L 0<t<T 



and let Cq be the closure of Ci p under the norm || • \\q . By [23], for any ^ € Cq, the 
conditional G-expectation Ep[^] exists and is a continuous G-martingale. Moreover, we 
have the decomposition (jl.ip . Our goal of this section is to study the further decomposition 
(|1.3p . conjectured by Peng. 



(5.4) 
, Bt„ ) where tp is a Lipschitz 

(5.5) 
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5.1 Existence of T 



Theorem 5.1 Let £ G Co- If ||E [£]||-p jP < oo for some 1 < p < oo ; then we have the 
following decomposition: 

Ef[£] = E G [£] + I Z s dB s - I 2G{T s )ds+ I T s d{B) s 
Jo Jo Jo 

= E G [£] + I Z s dB s - I [2G(T S ) - T s a s ]ds, 
Jo Jo 

where Z, T are ¥ -progressively measurable such that 



E 



G 



Z?dt+ / kfdt 



< oo where k := 2G(T) - Ta > 0. 



Jo Jo 

Proof. For £ G Cq, by [23J there exist Z and nondecreasing process -ff such that 



E G [£] = E G [£] + / Z s dB s -K t and E G / Z t 2 cft + |if T 



T 



< oo 



Since ||E G [£]||p iP < oo, by Proposition 14.31 we see that 



dK t = k t dt and E 



G 



hSdt 



L Jo 



< oo. 



Note that a 2 < a < a 2 , and the k in (|5.7p is equivalent to 

k = [a 2 - a]T + - [a - a 2 ]T- . 



Set 



r := < 



?Tl 



on {a = a }; 



£p on {a = £ 2 }; 

i, on {a 2 < a < a 2 }. 



3^r or 



(5.6) 



(5.7) 



(5.8) 



(5.9) 



One can check straightforwardly that T satisfies all the requirements. ■ 

Remark 5.2 The above martingale representation theorem holds true without assuming 
B has martingale representation property under each P G V . The main reason is that in 
this framework we may start from the PDE (|5.4j) and apply the Ito's formula. ■ 



Remark 5.3 Denote 



||C|| G , P :=||£|| G + ||E G (|£|)|| P)P . 



(5.10) 
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We shall note that || • \\g p does not satisfy the triangle inequality and thus is not a norm. 
We can define instead: for any 1 < p < oo, 

P P (6,6) == ||6-6||G + ||E G (ei)-E G (6)|k P . (5.11) 

Then p p defines a metric. Let J~-g,p denote the closure of Ci p under p p . Then clearly we 
have the decomposition ()5.6[) for all £ G £-G,p- H 

Remark 5.4 Hu-Peng |10j considers the following metric: for some a G (1,2), 

Po(£l,6) := 116 "61b + (E e [sup|[^ +1 -*£] - [^ -ICgirl)", ( 5 - 12 ) 



where G is a modification the G, and X 4 is the increasing process in the (unique) decom- 
position of the G-martingale E^ [£$]. They also proved (|5.6|) when £ is in the closure of 
Cip under p. We note that the above metric depends on the process K, while our metric 
p p involves only Ej [£]. Moreover, in (|5.12p the supremum over the partitions is inside the 
G-expectation, while in (|5.1ip which depends on (|4.5p and (|4.2p . essentially the supremum 
over the partitions are outside of the expectations and thus is weaker. ■ 

5.2 Uniqueness of T 

From (J5.9J) . clearly F is not unique unless k = 0, that is, Ep[£] is a "P-martingale. Song |28| 
proved that there is at most one F in the space A4 G as defined below. 

Let M G denote the space of F-progressively measurable and piecewise constant processes 
r\ such that rjt G £{ p for all t, and M G be the closure of M G under the norm: 

cT ., 

(5.13) 



\n\\u%--=^ G 



\rjt\ 2 dt 

n 

2 



We next introduce another space of £ for which we shall have existence of F in A4 G . For 
this purpose, we assume 

<t>0. (5.14) 



For £ = if(B tl , • • • , B tn ) G £j P , by Peng [T7] we know there exist Z, F G M. G such that (J5.6P 
holds. Now for £j G £j p and for the corresponding Z % , T* G M G , i = 1,2, we define: 

Pitub) ■= Mi - 6IIg + ll^ 1 - z 2 ll^ + nr 1 - r 2 ||^. (5.15) 

Let 

C := the closure of d p under the above metric p. (5.16) 

We then have 
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Theorem 5.5 Assume Assumption \3. 1\ and (|5,14p hold. Then for any £ G C, there exist 
unique Z,T G Mq such that (|5.6p holds. 

Proof. Let £ G £ and £ n G £ ip such that limn->oo p(g, £ n ) = 0. Let (Z n ,T n ) G A**, x ^ 
be corresponding to £ n . Then by definition of p we see that {(Z n ,T n ),n > 1} are Cauchy 
sequence under the norm || • \\y2 . Thus there exist (Z,T) G M/q x A4q such that 



lim 

n— >oo 



Zn ^7 II i|| T^n t-i || 

i ll tt Q M lltt G 



0. 



Then it is straightforward to check that (Z, T) satisfy (|5.6p for £. The uniqueness of Z and 
r follow from [23] and [28], respectively. ■ 



Remark 5.6 While the conclusion of Theorem 15.51 looks nice, the metric p is rather strong 
and consequently the space C could be small. It is not clear to us how large £ is. Moreover, in 
(|5.15p . we use the same norm for Z and I\ This is not desirable, because in the Markovian 
case Z and V correspond to the first and second derivatives of the PDE, respectively. 
Intuitively, the norm for V should be weaker than that for Z. We hope to explore further 
properties of T in our future research. ■ 

6 Appendix 

We first provide an example such that ||Y||p,o < °o but ||Y||p = oo. 

Example 6.1 FixV. Let K be anW '-progressively measurable continuous increasing process 
such that Kq = and¥F[Kj] = oo. Define the sequence of stopping times: tq := and, for 
n > 1, r„ := inf{£ > : Kt = n} A T. Since K? < oo, r n = T for n large enough, a.s. We 
now define the process Y-t as follows: Yq := 0, and for n > 0, 

y -= J Yr2n ~ Kt + K T2m f G ( T 2n,T2n+l\; , g ^ 

\ Y T2n+i + K t - K T2n+1 , t G (r 2n+ i, T 2n +2\- 

Then ||1^ ||ip,o < °° but ||Y||p = oo. 

Proof. It is easy to check that — 1 < y < and Vo ^ = ^T- Then ||Y||p,o < 1 and 
V^y) 2 = oo. By TheoremESl we get ||Y|| P = oo. ■ 

We next provide a G-submartingale such that sup FG -p ||y||p,o < oo, but \\Y\\-p = oo. 

Example 6.2 Fix V . Let K be as in Example \6.1\ such that —K is a G-martingale and 
¥. G [Kj] = oo, instead ofEF[Kj] = oo. Then the process Y defined in Example \6.1\ satisfies 
all the requirements. 



22 



Proof. By the proof of Example I6.lt clearly supp e .p ||^||p,o < oo ; but \\Y\\-p = oo. 
Moreover, on (r2 n , T2 n +l]> dY t = —dK t and thus is a G-martingale; and on (T2 n +i,T2 n +2\, 
dYt = dKt, then Y is increasing and thus is a G-submartingale. So Y is a G-submartingale 
on[0,T]. ■ 



We now prove Lemma [ 
Proof of Lemma 13.31 We have 

E^E] = ess P sup<[e]= ess P sup EfX[ 
F'eP(n,f) p'£ , p(ti,p) 

To prove the other inequality, we fix P' G V(t,¥] 
w eVfo,V) such that 



< ess'sup <[Eg^K]]. 
P'eP^i.P) 

By [13], there exist a sequence 



sup<[£] = ess F supE^]=E^], P-a.s.. 
n>l PeP(r 2 ,P') 

We claim that there exists P n G "P(t2,P') such that 

E^] t sup !*"[£], P'-a.s. as n t oo. 



n>l 



(6.2) 



Then, since P n G P(r 2 ,P') C V(t 1} ) 



Ei 



K*l$ 



lim E! 



Cte] 



lim E! 



<K] = limEH£]<E?> p [£], P-a.B 



Since P' G 7 7 (ri,P) is arbitrary, we obtain the second inequality. 

It remains to prove (I6.2p . We proceed by induction. Let P 1 := P . For n = 2, denote 



and define 



E + := {Kim > <[£]} and £T := {e£[0 < E^]}, 



P 2 (£) := P x (£ n £ + ) + F 2 (E n £T), for all EeJ. 

Then clearly E + ,E~ G J> 2 and thus, by Assumption 13. 1| P 2 G "P(t2,P')- One can easily 
check that 

< [*] = E pl K] i E+ + E p2 i B - = < [fl v e^ 2 2 [0 . 

By induction one can construct P n G V(t2,V) such that 

E^]=maxE^]. 

This implies ()6.2|) and completes the proof. ■ 
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We conclude the paper by providing the connection with the Bichteler-Dellacherie's 
theorem. Fix P and recall (j4.1|) . We call Y a good integrator if: for any {r] k } C L*, 

lim \\rj ||l°°(p) = implies that iy (77 ) converges to in probability P. (6-3) 

k— >oo 



(6.4) 



Bichteler-Dellacherie's Theorem states that, see e.g. 

Y is a semimartingale if and only if Y is a good indicator. 



Clearly, if ||y||p < oo, by Theorem 12 .81 and (|6.4p we know that Y must be a good integrator. 
At below we provide a direct proof of this. 

Proposition 6.3 If \\Y\\p < oo, then Y is a good integrator. 

Proof. Let n k = S^ a k l W k T k \ E L* such that lim ||j? fc |JL°°fp) = 0. Denote AYA. X := 



F_fe — Vl* . Then 

T i+1 T i 



i=0 



711.-1 



E k * 



(W)) 8 ] =*?[(£ 



^AF^J 2 



i=0 



nt— 1 



ru,— 1 



Since 



< CE p [(^af[Ay^i-^[Ay fc + i] 

i=0 



j-i 



+ CE p [(£a?E£[AY, 

i=0 



( fc + i]) 2 



V a 4 fc [A^j - EL [AY^J] , j = 1, • • • , n fc , is a martingale, 



i=0 



we have 



E F [(/^ fe )) 

n fc -i .. 

< CE P [ J; l^lW+i -Ej,[A^ + i]] 2 ] +CE p [( £ a? IK^J -*tf 



"it— i 



4=0 



i=0 



ni,-l 



< ch 



fei|2 



L°°( 



,E- 



'[^[AyA +1 -E^[AyA +1 ]] 



+ C||tf 



fci|2 



L°°( 



\Y\ 



Jfcll2 



< Cll 7 ?' IIL°°(P) 

Note that 



E 1 



i=0 

n fc -l 

'[£ 

«=o 



^fe |2 



Jfe||2 



|/\y« \a , /in sip IIVll 2 

l^-H+il "i"*-'!! 7 / IIl oo (p)H-' Up- 



(6.5) 



I Ay& |2 — ly |2 _ ly |2 _ ny Ayt 
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Then 



E- 



E 1 



n k -l 



nu— 1 



IAK 



fc |2 



i+ll 



j=0 



< E f 



e p [ V (|y T , | 2 - \Y Tk | 2 - 2 y rfe [ E ; fc [Y Tk } - Y Tk 

I £- — / \ 'i+1 i i L T i 'i+1 'i 

i=0 
rife— 1 

|y T | 2 - |y | 2 - 2 £ y rfe [Ej.pg , ] - y t 

i -* % u ' j i + 1 

i=0 
rtfc — 1 

|y T | 2 + 2 SU p |y t | ^ |Ef fc [Y rfc ]-y Tfc 



0«<T 



i=0 

nt-1 



< CE* 



sup |y t [ a + ( £ l^^ij-^l ^l^lll- 

0<t<T V ^^ ' r i »+i . '/ _ 



8=0 



Pluging into (|6.5p we obtain 



E LJ 



M\ 2 



(W))' <C||y||S||i7 



2||^fc||2 



— >■ 0, as k — > oo. 



This implies that Iy(rj ) converges to in probability P, and thus Y is a good integrator. 
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